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AN EXTREME COUNTEREXAMPLE TO THE
LUBOTZKY–WEISS CONJECTURE.
MASATO MIMURA
Abstract. In 1993, Lubotzky and Weiss conjectured that if a compact group
admits two finitely generated dense subgroups, one of which is amenable and
the other has Kazhdan’s property (T), then it would be finite. This conjecture
was resolved in the negative by Ershov and Jaikin-Zapirain, and by Kassabov
around 2010. In the present paper, we provide an extreme counterexample to this
conjecture. More precisely, the latter dense group with property (T) may contain
a given countable residually finite group; in particular, it can be non-exact by a
result of Osajda. We may construct these counterexamples with a compact group
common for all countable residually finite groups.
1. Introduction
From a study of expander graphs, Lubotzky and Weiss [LW93, Conjecture 5.4]
proposed the following conjecture; we refer the reader to [BdlHV08] as a comprehen-
sive treatise on amenability and property (T). In broad strokes, amenability and
property (T) are opposite for infinite discrete groups. Property (T) forces group ac-
tions to have spectral gaps. Amenability is characterized by the existence of a Følner
sequence; this intrinsic condition on a group, in principle, serves as an obstruction
for a group action to having a spectral gap.
Conjecture 1.1 (Lubotzky–Weiss conjecture). Let K be a compact group. If Λ1
and Λ2 are both finitely generated subgroups dense in K with Λ1 amenable and Λ2
having Kazhdan’s property (T), then K is finite.
This conjecture has been resolved in the negative by Ershov and Jaikin-Zapirain,
and independently by Kassabov; see [EJZ10, Subsection 6.3] and Section 4 in the
present paper. The counterexample in [EJZ10] is of the following form for a fixed
prime p:
K = ∏
m∈N≥1
SL(3m,Fp),
which is equipped with the product topology.
This paper provides the following extreme counterexample to Conjecture 1.1; see
Remark 5.7 for a further strengthening in terms of numbers of generators.
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Theorem 1.2 (Main Theorem). Given a countable residually finite group H, there
exist a compact group K =K(H) and two finitely generated subgroups Λ1 and Λ2 both
dense in K(H) with the following properties:
(i) Λ1 is amenable (see Remark 5.5 for more information);
(ii) Λ2 has property (T) (see Remark 5.6 for some stronger properties); and
(iii) Λ2 contains an isomorphic copy of H.
Recall that a countable groupG is residually finite if there exists a chain (Nm)m∈N,
namely Nm+1 ⩽ Nm for every m, of finite index normal subgroups of G such that
⋂mNm = {eG}.
Remark 1.3. The two conditions on H as in Theorem 1.2 are both necessary: it is
clear that every subgroup of a finitely generated group is countable. By Mal’cev’s
result, every subgroup of finitely generated subgroup of a compact group is residually
finite. Indeed, by the Peter–Weyl theorem, compact groups are residually linear.
Our construction provide the compact group K(H) as in Theorem 1.2 which is of
the following form:
K(H) = ∏
m∈N
SL(nlm,Fp)
for a fixed odd prime p and for fixed n ∈ N≥3. Here, (lm)m∈N is a certain strictly
increasing sequence of integers, depending on H and on the choice of p; see Section 3
for more details.
Theorem 1.2 may be, for instance, combined with a result of Osajda [Osa18] to
obtain the following notable counterexample to Conjecture 1.1.
Corollary 1.4. There exist a compact group K and two finitely generated subgroups
Λ1 and Λ2 both dense in K with Λ1 amenable, and Λ2 having Kazhdan’s property
(T) and being non-exact.
Here exactness for countable groups is equivalent to Yu’s property A, which may
be regarded as the counterpart of amenability of groups in coarse geometry; see
[Oza00] and [NY12]. Non-exactness of groups is regarded as a pathological prop-
erty. For instance, every countable subgroup of GL(n,A) for n ∈ N≥2 and for a
unital commutative (associative) ring A is exact; see [GTY13, Theorem 5.2.2 and
Theorem 4.6].
Proof of Corollary 1.4 modulo Theorem 1.2. Osajda [Osa18] constructed a residu-
ally finite (finitely generated) group that is non-exact. Apply Theorem 1.2 with H
being that group; note that exactness passes to subgroups. 
We explain two motivations of Theorem 1.2:
(a) From a finitely generated subgroup Λ dense in a compact group K, the compact
action Λ ↷ K is constructed; this action is free and minimal. With respect
to the Haar measure on K, it is measure-preserving and ergodic; see [Mim18b,
Remark 3.5]. Thus, by Theorem 1.2, we may obtain two compact actions, Λ1 ↷
K and Λ2 ↷K, on the common set K with extremely contrastive properties.
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(b) By Remark 1.3, the group Λ2 as in Theorem 1.2 is residually finite. It provides
us with a residually finite group having property (T) with a specified property,
such as non-exactness. Residual finiteness plays a fundamental role in study
of profinite groups and profinite actions. Further, from a (finitely generated)
residually finite group, we can construct a box space, which serves as a powerful
device to construct examples of metric spaces with noteworthy coarse geometric
properties; see the introduction of [Osa18] and [NY12, 4.4].
As an application of (b), we may construct expanders with geometric property (T)
from a non-exact group; compare with [WY14, Theorem 1.1.(4)].
Furthermore, we may take a compact group L, common for all countable and
residually finite H , to accommodate finitely generated dense gorups, some of which
is amenable and some of which has property (T) with a subgroup isomorphic to H .
Theorem 1.5 (Variety of finitely generated dense subgroups of a common compact
group). Let p be an odd prime and let n ∈ N≥3. Then for the compact group
K(= Kn,p) = ∏
i∈N≥1
SL(ni,Fp)
(equipped with the product topology), the following hold true:
(1) There exists Σ1 ⩽ K, a finitely generated dense subgroup of K that is amenable
(see Remark 5.5 for more information).
(2) For every countable and residually finite group H, there exists Σ2 = Σ
(H)
2 ⩽ K,
a dense subgroup of K, such that it is generated by 13 elements (as a group), it
has property (T) and that it contains an isomorphic copy of H.
We may modify K to obtain 2-generated Σ1 and Σ
(H)
2 ; see Theorem 5.9.
On point (a) mentioned above, in our constructions out of Theorems 1.2 and 1.5,
we have two profinite actions ; see [AE12]. Here we discuss the case associated with
Theorem 1.5. The group K is homeomorphic to the Cantor set as a topological
space; in fact, the two profinite actions Σ1 ↷ K and Σ
(H)
2 ↷ K appearing above are
given by projective systems with a common sequence of finite groups
Σ1 ↷ K = lim←Ð
j
(Σ1 ↷ ∏
i∈N≤j
SL(ni,Fp)), Σ
(H)
2 ↷ K = lim←Ð
j
(Σ(H)2 ↷ ∏
i∈N≤j
SL(ni,Fp)).
Furthermore, if we let Σ1 act from the left and let Σ
(H)
2 act from the right, then
these two (free, minimal and ergodic) actions Σ1 ↷ K ↶ Σ
(H)
2 commute.
The proof of Theorem 1.2 employs LEF approximations of a group; see Defini-
tion 3.1. The LEF (Locally Embeddable into Finite groups) property is a weak
form of residual finiteness, and it is described in terms of convergence in the space
of marked groups ; by this weakening, we have room to construct two markings of
a certain sequence of finite groups with respect to which the two limit groups have
contrasting group properties. This method has been studied and developed by the
author [Mim18b]; we will briefly recall concepts related to the above in Section 3.
Prior to that, in Section 2, we prove Proposition 2.1, which may be seen as an
intermediate step to Theorem 1.2 from the viewpoint of (b) above. In Section 4,
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we demonstrate Theorem 1.5. Section 5 is a collection of remarks; there we discuss
Theorems 5.8 and 5.9.
In this paper, for a prime p, let Fp denote the finite field of order p. For n ∈ N≥1,
let [n] denote the set {1,2, . . . , n}. Rings are assumed to be associative; we exclude
the zero ring from unital rings.
2. Residually finite group with property (T) containing a given
residually finite group
In this section, we prove the following.
Proposition 2.1. Given countable and residually finite group H, there exists a
residually finite group G with property (T) that contains an isomorphic copy of H.
As we saw above, this proposition may be seen as a step towards Theorem 1.2;
recall Remark 1.3. In particular, by [Osa18], it follows that there exists a residually
finite group with property (T) that is non-exact.
Our construction of G as in Proposition 2.1 employs elementary groups over a
non-commutative ring; compare with the result of [GTY13] mentioned in the intro-
duction. Let R be a unital ring and n ∈ N≥2. Then the elementary group E(n,R)
of degree n over R is defined as the subgroup of GL(n,R) generated by elementary
matrices eri,j , i ≠ j ∈ [n], r ∈ R. Here for k, l ∈ [n], (eri,j)k,l equals 1 if k = l, r if(k, l) = (i, j), and 0 otherwise. A key to the proof of Proposition 2.1 is the following:
Lemma 2.2. Let R be a unital ring. Let Ω ≠ ∅ be a subset of the multiplicative
group R×. Assume that for every ω ∈ Ω, ω2 = 1 holds true. Then for every n ∈ N≥2,
the elementary group E(2,R) contains an isomorphic copy of ⟨Ω⟩(⩽ R×).
Proof. Since E(n,R) ↪ E(n + 1,R) for every n and R, we prove the assertion only
for n = 2. For r1, r2 ∈ R×, we write the element ( r1 00 r2 )(∈ GL(2,R)) as D(r1, r2).
For r ∈ R×, we have that
D(r,r−1) = er1,2e−(r−1)2,1 er1,2e−11,2e12,1e−11,2;
hence it belongs to E(2,R). Let DΩ = {D(ω,ω−1) ∶ ω ∈ Ω} and Z be the subgroup
of E(2,R) generated by DΩ. Since every ω ∈ Ω satisfies that ω = ω−1, the map⟨Ω⟩ ∋ λ↦D(λ,λ) ∈ Z gives a group isomorphism. 
We also recall the following lemma from [Mim18b, Lemma 5.1 and Remark 5.2].
Lemma 2.3 ([Mim18b]). Let k ∈ N≥1. Let H be a residually finite group that is
k-generated. Then, there exists a residually finite group with generating set Ξ such
that it contains an isomorphic copy of H, #Ξ = 2k, and that every element in Ξ is
of order 2.
The following theorem is one of the main theorem of the celebrated paper of Er-
shov and Jaikin-Zapirain [EJZ10, Theorem 1.1]. See also [Mim18a] for an alternative
short proof of this qualitative statement of Theorem 2.4.
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Theorem 2.4 (Ershov and Jaikin-Zapirain, [EJZ10]). Let R be a unital and finitely
generated (associative) ring. Let n ∈ N≥3. Then the elementary group E(n,R) has
property (T).
Hereafter, for a ring A and a group G let A[G] denote the group ring of G over
A.
Proof of Proposition 2.1. Let H be a countable residually finite group. By Wilson’s
theorem [Wil80], H embeds into a residually finite group H that is 2-generated.
Apply Lemma 2.3. Then again by applying [Wil80], we finally obtain a residually
finite 2-generated group H˜ that admits Ξ ⊆ H˜ with #Ξ = 4 such that ⟨Ξ⟩ contains
an isomorphic copy of H and every ξ ∈ Ξ is of order 2.
We claim that for every n ∈ N≥3 and for every prime p, the group G = E(n,Fp[H˜])
fulfills all conditions of Theorem 1.2. Indeed, by Lemma 2.2 with Ω = Ξ, we see that
the Λ above contains an isomorphic copy of ⟨Ξ⟩. Here we naturally embed H˜ into
Fp[H˜]. Since ⟨Ξ⟩ ≃ H˜ ⩾H , G contains an isomorphic copy of H . Next, we will show
that G is residually finite. Take a chain (N˜m)m, as in the introduction, of normal
subgroups of the residually finite H˜. For every m ∈ N, let pim∶ H˜ ↠ H˜/N˜m be the
natural projection. Then the map Fp[H˜] ∋ g ↦ pim(g) ∈ Fp[H˜/N˜m] induces
ρm∶G↠ E(n,Fp[H˜/N˜m]).
Then (Ker(ρm))m∈N provides a desired chain of normal subgroups of G.
Finally, by Theorem 2.4, G has property (T). 
In the proof above, the field Fp may be replaced with several other rings; for
instance, an arbitrary unital finite ring, including all finite fields, and the ring Z.
3. The proof of Theorem 1.2
The proof of Theorem 1.2 employs convergences in the space of marked groups,
specially the LEF property. We briefly recall them; see [Mim18b] and [MS13], and
references therein for more details.
For a fixed k ∈ N≥1, G = (G; s1, . . . , sk) = (G;S) is a k-marked group if G is a group
and S = (s1, . . . , sk) is an ordered k-tuple of generators of G (as a group). Such an
S is called a (k-)marking of G. (We identify two isomorphic k-marked groups.)
The set of all k-marked groups G(k), the space of k-marked groups, is naturally
equipped with a compact metrizable topology, as we describe below: (Gm)m∈N =((Gm; s(m)1 , . . . , s(m)k ))m, a sequence in G(k) converges to G∞ = (G∞; s(∞)1 , . . . , s(∞)k )
if the following holds true. For every R ≥ 0, there exists mR ∈ N such that for
all m ∈ N≥mR, the map sending s
(m)
j to s
(∞)
j is a partial isomorphism from the
BGm(eGm ,R) to BG∞(eG∞,R). Here for m ∈ N ∪ {∞}, BGm(eGm ,R) denotes the
ball centered at eGm of radius R with respect to the word length on Gm with respect
to the marking (s(m)1 , . . . , s(m)k ); for non-empty subsets A ⊆ Γ1 and B ⊆ Γ2, a map
φ∶A→ B is a partial homomorphism if for every γ, γ′ ∈ A with γγ′ ∈ A,
φ(γγ′) = φ(γ)φ(γ′)
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holds true. A bijective partial homomorphism is called a partial isomorphism. The
convergence explained above determines the topology on G(k), which is called the
Cayley topology in some literature. We write this convergence as Gm
Cay
Ð→G∞.
Definition 3.1. (1) A finitely generated group Γ is said to be LEF (Locally Embed-
dable into Finite groups) if for some (equivalently, every) marking S∞ of Γ, there
exists a sequence (Gm)m∈N = ((Gm;Sm))m such that it consists of finite marked
groups (that means, Gm is finite for every m ∈ N) and that Gm
Cay
Ð→ (Γ;S∞).(2) A sequence (Gm)m with the two properties as in (1) is called a LEF approxi-
mation of (Γ;S∞).
The LEF property is strictly weaker than residual finiteness; see Remark 5.4.
More precisely, for a LEF approximation, (Gm; s(m)1 , . . . , s(m)k ) need not be a marked
group quotient of (Γ, s(∞)1 , . . . , s(∞)k ), where being a marked group quotient means
that the map s
(∞)
j ↦ s
(m)
j for each j ∈ [k] extends to a group homomorphism.
Nevertheless, via diagonal products, we can construct a residually finite group out
of a LEF approximation (Gm)m of (Γ;S∞), as we will see below.
Definition 3.2. Let (Gm)m∈N = ((Gm; s(m)1 , . . . , s(m)k ))m be a LEF approximation
of (Γ; s(∞)1 , . . . , s(∞)k ). We define the diagonal product ∆m∈N(Gm) ∈ G(k) as follows:
Let K = ∏m∈NGm and for j ∈ [k], let sj = (s(0)j , s(1)j , . . . , s(m)j , . . .) ∈K. Define
∆m∈N(Gm) = (Λ; s1, . . . , sk), where L = ⟨s1, . . . , sk⟩ (⩽K).
Then there exists a short exact sequence
(∗) 1 Ð→ N = Λ ∩ ⊕
m∈N
Gm Ð→ Λ Ð→ Γ Ð→ 1,
where Λ ↠ Γ above is extended by the map sj ↦ s
(∞)
j for each j ∈ [k]. Hence, N
above is locally finite (that means, for every non-empty finite subset, the subgroup
generated by it is finite); in particular, N is amenable. The LEF property of Γ is
upgraded to residual finiteness of Λ by this procedure.
In Definition 3.2, Λ is not necessarily dense inK. However, by the Goursat lemma,
the following holds true; see [Mim18b, Lemmata 4.6 and 4.7] for instance.
Lemma 3.3. We stick to the setting as in Definition 3.2. Assume that no finite
simple (non-trivial) group appears as a group quotient of Gm for more than one
m ∈ N. Then, the underlying group Λ of ∆m∈N((Gm;Sm)) is dense in K =∏m∈NGm.
Here we equip K with the product topology and regard it as a compact group.
Before starting the proof of Theorem 1.2, we sketch the rough idea. A naive idea
which is derived from Proposition 2.1 is to focus on the sequence of finite groups
(Gm)m = (E(n,Fp[H˜/N˜m]))m
as in the proof of Proposition 2.1. Since H˜ is 2-generated, E(n,Fp[H˜]) has a 6-
marking S; compare with Remark 5.3. Hence (Gm)m admits a system of 4-markings(Sm)m = (ρm(S))m, with respect to which the underlying group of the diagonal
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product ∆m∈N((Gm;Sm)) has property (T). Then it might end the proof if we
succeed in finding another system of k′-markings (S′m)m (for some fixed k′ ∈ N≥1),
with respect to which ((Gm;S′m))m converge to an amenable marked group.
However, here we encounter the following two difficulties: one, which is the major
part, is that the group ring Fp[H˜/N˜m] is far from simple. It possesses all pieces of
information of the representations of the finite group H˜/N˜m over Fp; it is unclear
how to take a system of markings of (Gm)m with a fixed cardinality so as to have a
convergent sequence to an amenable marked group. The other difficulty is that if p ∣
#(H˜/N˜m), then it may cause certain problems coming from modular representation
theory. For instance, in that case, Fp[H˜/N˜m] may not be semi-simple; moreover,
it may cause some problem when we try to apply Lemma 3.3. For a fixed p, we
can always arrange (H˜/N˜m)m such that it meets the condition p ∣#(H˜/N˜m) for all
m ∈ N; for instance, replace it with ((H˜/N˜m) × (Z/pZ))m. On the other hand, it is
no way possible, for a general sequence (H˜/N˜m)m, to modify (H˜/N˜m)m such that
for every m ∈ N, p ∤#(H˜/N˜m) holds.
Our idea to deal with the first (and major) difficulty is to encode the conver-
gence H˜/N˜m CayÐ→ H˜ (with respect to the markings given by pim∶ H˜ ↠ H˜/N˜m) into
symmetric groups, as follows; it was observed in [Mim18b, Lemma 4.9]. Here for a
non-empty set B, the (full) symmetric group Sym(B) is defined as the group of all
bijections on B; we denote by Sym<ℵ0(B) the group of all bijections on B that fix
all but finitely many elements in B.
Lemma 3.4 (Encoding into symmetric groups: [Mim18b]). Let ((Gm; s(m)1 , . . . , s(m)k ))m∈N
be a LEF approximation of (Γ; s(∞)1 , . . . , s(∞)k ) in G(k). Assume that Γ is an infinite
group and for all j ∈ [k] and all m ∈ N, s(m)j ≠ eGm. Then, in G(2k), we have
(Sym(Gm);χs(m)
1
, . . . , χ
s
(m)
k
, θ
s
(m)
1
, . . . , θ
s
(m)
k
)
Cay
Ð→ (Sym<ℵ0(Γ) ⋊ Γ;χs(∞)
1
, . . . , χ
s
(∞)
k
, θ
s
(∞)
1
, . . . , θ
s
(∞)
k
).
Here the group Sym<ℵ0(Γ) ⋊ Γ is constructed by the action Sym<ℵ0(Γ) ↶ Γ induced
by right multiplication; for a group G and for g ∈ G∖{g}, we define χg ∈ Sym<ℵ0(G)
and θg ∈ Sym(G), respectively, by
χg = (the transposition of eG and g),
θg = (the permutation induced by the right multiplication of g).
The following lemma in [Mim18b, Lemma 4.1] is obvious.
Lemma 3.5. Let ((Gm; s(m)1 , . . . , s(m)ℓ ))m∈N be a convergent sequence to (G∞; s(∞)1 , . . . , s(∞)ℓ )
in the Cayley topology. Let k ∈ N≥1 and let ω1, . . . , ωk be words in Fℓ. For every
m ∈ N ∪ {∞}, let s(m)j = ωj(s(m)1 , . . . , s(m)ℓ ) for every j ∈ [k]. Let Gm be the sub-
group of Gm generated by s
(m)
j , j ∈ [k]. Then ((Gm; s(m)1 , . . . , s(m)k ))m∈N converges to(G∞; s(∞)1 , . . . , s(∞)k ) in the Cayley topology.
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In particular, if we a priori know that ((Gm; s(m)1 , . . . , s(m)k ))m∈N above converges
to (G; s1, . . . , sk) in the Cayley topology, then G∞ contains an isomorphic copy of
G.
Now we are ready to overcome the second difficulty; it is because, thanks to
Lemma 3.4, we can switch from (mysterious) finite groups (Gm)m to symmetric
groups (Sym(Gm))m, for which representation theory is well-developed. In this pa-
per, we fix a prime p in order to obtain a “small” amenable group Λ1; compare with
Remark 5.5.
Proof of Theorem 1.2. Fix an odd prime p. Given H , take H˜ and (N˜m)m∈N as in
the proof of Proposition 2.1. Then, (N˜m ×{0})m forms a chain of a residually finite
group H˜ × (Z/2pZ). Write H˜ × (Z/2pZ) and (H˜/N˜m) × (Z/2pZ), respectively, as
Lm = Lm(p) and L∞ = L∞(p). Take a 3-marking (s(∞)1 , s(∞)2 , s(∞)3 ) of L∞, where(s(∞)1 , s(∞)2 ) corresponds to a 2-marking of H˜ and s(∞)3 corresponds to [1]2p ∈ Z/2pZ.
Then in G(3),
(Lm; s(m)1 , s(m)2 , s(m)3 ) CayÐ→ (L∞; s(∞)1 , s(∞)2 , s(∞)3 ).
Here (s(m)1 , s(m)2 , s(m)3 ) is obtained as the image of (s(∞)1 , s(∞)2 , s(∞)3 ) by the quotient
map L∞ ↠ Lm. We may assume that #Lm ≥ 5, (#Lm)m is strictly increasing on
m, and that for every j ∈ [3] and m ∈ N, s(m)j ≠ eLm holds.
Encode this convergence into symmetric groups by Lemma 3.4 and obtain
(Sym(Lm);χs(m)
1
, χ
s
(m)
2
, χ
s
(m)
3
, θ
s
(m)
1
, θ
s
(m)
2
, θ
s
(m)
3
)
Cay
Ð→ (Sym(L∞) ⋊L∞;χs(∞)
1
, χ
s
(∞)
2
, χ
s
(∞)
3
, θ
s
(∞)
1
, θ
s
(∞)
2
, θ
s
(∞)
3
)
in G(6). Note that for every m ∈ N, p ∣#Lm and 2 ∣#Lm.
Fix n ∈ N≥3. For each m ∈ N, we take the heart of p-modular standard representa-
tion
stdLm,p∶Sym(Lm)→ Aut(Um),
which is defined as follows. First, let Vm = Vm(p) be the zero-sum subspace of FLmp :
Vm = {(vh)h∈Lm ∶ vh ∈ Fp for every h ∈ Lm, ∑
h∈Lm
vh = 0} .
We warn that the permutation representation of Sym(Lm) on Vm, which is called
the p-modular standard representation in some literature, is not irreducible: indeed,
since p ∣ #Lm, the constant vectors lie there. Finally, we define Um = Um(p) to be
the quotient space modulo the space of constant vectors,
Um = Vm/Fp1,
on which Sym(Lm) acts Um by permutation of the coordinates. We claim that it
is irreducible and faithful. To show it, for the latter, observe that the alternating
group Alt(Lm) over the set Lm is simple; for the former, note that the set of vectors{[δh1 − δh2] ∶ h1 ≠ h2 ∈ Lm} generates Um. Set
GUmm = E(n, stdLm,p(Fp[Sym(Lm)])),
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where the representation (Um, stdLm,p) induces
stdLm,p∶Fp[Sym(Lm)]→ End(Um).
The key to the proof is the following: since stdLm,p is irreducible, it holds that
stdLm,p(Fp[Sym(Lm)]) ≃Mat(#Lm−2)×(#Lm−2)(Fp).
Indeed, every field is a splitting field for symmetric groups; see [JK81, Theorem 2.1.12
and Chapter 6]. Therefore, we have the isomorphism
GUmm ≃ SL(n(#Lm − 2),Fp).
To close up the proof, we consider two systems of markings of the sequence(GUmm )m∈N, as follows:● Marking corresponding to Λ1: For each m ∈ N, let
t′1
(m) = e11,2 and t
′
2
(m) =
⎛⎜⎜⎜⎜⎜⎝
0 ⋯ ⋯ 0 −1
1 0 0
0 1 0 ⋮
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 0 1 0
⎞⎟⎟⎟⎟⎟⎠
in SL(n(#Lm − 2),Fp)(≃ GUmm ). These two form a 2-marking of GUmm ; see
[MS13, Remarks 5.5 and 5.10]. Then, it is known that the sequence of
2-marked groups (GUmm ; t′1(m), t′2(m))m∈N converges to a marked group with
underlying group Γ1 being amenable; see the last part of [MS13, Remark 5.10]
and [LW93].
● Marking corresponding to Λ2: Observe that for each m ∈ N, the marked
group (Sym(Lm);χs(m)
1
, χ
s
(m)
2
, χ
s
(m)
3
, θ
s
(m)
1
, θ
s
(m)
2
, θ
s
(m)
3
) is a marked group quo-
tient of (F ;a1, a2, a3, a4, a5, a6). Here F = F (p) be the group
F = (Z/2Z) ∗ (Z/2Z) ∗ (Z/2Z) ∗ F2 ∗ (Z/2pZ)
and a1 ∈ Z/2Z, a2 ∈ Z/2Z, a3 ∈ Z/2Z, a4 ∈ Z, a5 ∈ Z, and a6 ∈ Z/2pZ, re-
spectively, are cyclic generators. Here F2 = Z ∗ Z means the free group of
rank 2. The group E(n,Fp[F ]) admits a 9-marking T = (t1, . . . , tl); see Re-
mark 5.3 for a concrete construction. Thus, we have a system of 9-markings
of (GUmm )m by setting
(t(m)1 , . . . , t(m)9 ) = (ψm(t1), . . . , ψm(t9)),
where ψm∶E(n,Fp[F ]) ↠ GUmm is the group quotient map induced by the
natural ring projection Fp[F ]↠ stdLm,p(Fp[Sym(Lm)]).
Now set the compact group K(H) as
K(H) = ∏
m∈N
GUmm (≃ ∏
m∈N
SL(n(#Lm − 2),Fp)) .
Hence K(H) is of the form
K(H) = ∏
m∈N
SL(nlm,Fp),
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where we set (lm)m∈∈N by for every m ∈ N, lm = #(Lm(p)) − 2(= 2p#(H˜m/N˜m) − 2).
We define Λ1 and Λ2, respectively, by
Λ1 = (the underlying group of ∆m∈N((GUmm ; t′1(m), t′2(m)))),
and Λ2 = (the underlying group of ∆m∈N((GUmm ; t(m)1 , t(m)2 , . . . , t(m)9 ))).
We then claim that these K(H), Λ1 and Λ2 fulfill all of the assertions as in The-
orem 1.2. Indeed, by Lemma 3.3, Λ1 and Λ2 are both dense in K(H). Since Γ1
above is amenable, it follows from (∗) that assertion (i) is satisfied; recall that
amenability is closed under taking group extensions. Assertion (ii) follows because
∆m∈N((GUmm ; t(m)1 , . . . , t(m)9 )) is a marked group quotient of (E(n,Fp[F ]); t1, . . . , t9).
Here recall Theorem 2.4; recall also that property (T) passes to group quotients. To
show (iii), let Γ2 be the underlying group of the Cayley limit of ((GUmm ; t(m)1 , . . . , t(m)9 ))m.
First recall that ((Lm; θs(m)
1
, θ
s
(m)
2
, θ
s
(m)
3
))m converges to (L∞; θs(∞)
1
, θ
s
(∞)
2
, θ
s
(∞)
3
) in
G(3). Observe that the convergence above comes from the chain, which we chose
at the beginning of the proof, for the residually finite group L∞. Combine it with
Lemma 2.2; recall in addition that stdLm,p is faithful. Then, it may be verified that
Γ2 admits an isomorphic copy of H such that it is isomorphically lifted under the
lift Λ2 ↠ Γ2. Therefore, we conclude that
Λ2 ⩾H (⩾ H),
as desired. For more details of the argument on assertion (iii), consult Lemma 3.5
and [Mim18b, Subsection 4.4]. 
4. Proof of Theorem 1.5
The construction of K(H) in Theorem 1.2 does depend on the choice of H ; more
precisely, it depends on the sequence (lm)m = (2p#(H˜m/N˜m) − 2)m. Hence, if we
decompose
K =K(H) ×K(H)0
= (∏
m∈N
SL(nlm,Fp)) × ⎛⎝ ∏i∈N∖{lm∶m∈N}SL(ni,Fp)
⎞
⎠ ,
then what remains is to deal with the latter component K(H)0 .
The key to the proof of Theorem 1.5 is the following: let p be an odd prime and
n ∈ N≥4 be even. Then for every i ∈ N≥1, SL(ni,Fp) ≃ E(n,Mati×i(Fp)) is a group
quotient of E(n,Fp⟨y, z⟩), where Fp⟨y, z⟩ denotes the non-commutative polynomial
ring over Fp with indeterminates y and z. Indeed, the map that sends y to e11,2 ∈
Mati×i(Fp) and z to the matrix in Mati×i(Fp) representing a cyclic permutation
induces a group quotient map µi∶E(n,Fp⟨y, z⟩) ↠ SL(ni,Fp). In a manner similar
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to one in Remark 5.3, it follows that E(n,Fp⟨y, z⟩) is generated by four elements
b1 = e11,2, b2 = e
y
1,2, b3 = e
z
1,2 and b4 =
⎛⎜⎜⎜⎜⎜⎝
0 ⋯ ⋯ 0 −1
1 0 0
0 1 0 ⋮
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 0 1 0
⎞⎟⎟⎟⎟⎟⎠
in E(n,Fp⟨y, z⟩). Let (β(i)1 , β(i)2 , β(i)3 , β(i)4 ) be (µi(b1), µi(b2), µi(b3), µi(b4)). Then,
for each i ∈ N, (β(i)1 , β(i)2 , β(i)3 , β(i)4 ) is a 4-marking of SL(ni,Fp). By Theorem 2.4,
the underlying group Σ0 of ∆i∈N((SL(ni,Fp);β(i)1 , β(i)2 , β(i)3 , β(i)4 )) has property (T).
For an odd n ∈ N≥3, we replace b4 above with b′4 as in the proof below.
Ershov and Jaikin-Zapirain [EJZ10] constructed the first counterexample to Con-
jecture 1.1 in the manner above.
Proof of Theorem 1.5. Fix p and n as in the statement of Theorem 1.5. For each
i ∈ N≥1, let Qi(= Qi(n, p)) = SL(ni,Fp). Observe that for every p and n, the sequence(Qi)i∈N fulfills the condition of Lemma 3.3.
First, we discuss the case where n is even. Note that then for every i ∈ N≥1, ni is
even. Let
α1
(i) = e11,2 and α2
(i) =
⎛⎜⎜⎜⎜⎜⎝
0 ⋯ ⋯ 0 −1
1 0 0
0 1 0 ⋮
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 0 1 0
⎞⎟⎟⎟⎟⎟⎠
in SL(ni,Fp)(= Qi). For the same reasoning as in the proof of Theorem 1.2, the
Cayley limit of (Qi;α(i)1 , α(i)2 ) (as i → ∞) is amenable. By taking the underlying
group of the diagonal product ∆i∈N≥1((Qi;α(i)1 , α(i)2 )), we obtain Σ1. Next, we will
construct Σ2 = Σ
(H)
2 for a given countable and residually finite H . For such H , take(Lm)m∈N = (Lm(p))m as in the proof of Theorem 1.2. Let (lm)m∈N be the sequence
given by lm = #Lm − 2. Then by the proof of Theorem 1.2, for each m ∈ N, we have
the marking
(Qlm ; t(m)1 , . . . , t(m)9 )
such that the underlying group Λ2 = Λ
(H)
2 of ∆m∈N((Qlm ; t(m)1 , . . . , t(m)9 )) has property(T) and that Λ2 contains an isomorphic copy of H . Let
K0 = K
(H)
0 = ∏
i∈N∖{lm∶m∈N}
Qi.
Now we make use of the 4-marking (β(i)1 , β(i)2 , β(i)3 , β(i)4 ) of Gi, described in the be-
ginning of this section. Then, the underlying group Σ
(H)
0 of
∆i∈N∖{lm∶m∈N}((SL(ni,Fp);β(i)1 , β(i)2 , β(i)3 , β(i)4 ))
has property (T) as well.
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Finally, for each i ∈ N, consider the following 13-marked group:
(Qi; τ (i)1 , τ (i)2 , . . . , τ (i)13 )
={ (Qi; t(m)1 , t(m)2 , t(m)3 , t(m)4 , t(m)5 , t(m)6 , t(m)7 , t(m)8 , t(m)9 , eQi , eQi , eQi , eQi),(Qi; eQi , eQi, eQi , eQi , eQi , eQi, eQi , eQi , eQi , β(i)1 , β(i)2 , β(i)3 , β(i)4 ).
Here the first case applies if there exists (unique) m ∈ N such that i = lm; otherwise
the second case applies. It is straightforward to see that the underlying group Σ
(H)
2
of ∆i∈N((Qi; τ (i)1 , . . . , τ (i)13 )) is isomorphic to Λ(H)2 ×Σ(H)0 . Hence the group Σ(H)2 has
property (T) and it contains an isomorphic copy ofH . It is dense in K by Lemma 3.3.
This ends the proof for the case where n is even.
Secondly, we deal with the case where n is odd. In this case, decompose K as
K = ∏
i∈N≥1,even
Qi × ∏
i∈Nodd
Qi,
where we define N≥1,even = N≥1 ∩ 2Z and Nodd = N ∩ (2Z + 1). For i ∈ Nodd, let
α′2
(i) =
⎛⎜⎜⎜⎜⎜⎝
0 ⋯ ⋯ 0 1
1 0 0
0 1 0 ⋮
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 0 1 0
⎞⎟⎟⎟⎟⎟⎠
in SL(ni,Fp)(= Qi). Define a 4-marked group (Qi;σ(i)1 , σ(i)2 , σ(i)3 , σ(i)4 ) by
(Qi;σ(i)1 , σ(i)2 , σ(i)3 , σ(i)4 ) = { (Qi;α
(i)
1 , α
(i)
2 , eQi , eQi), if i ∈ N≥1,even,(Qi; eQi , eQi , α(i)1 , α′2(i)), if i ∈ Nodd.
Then the underlying group Σ1 of ∆i∈N((Qi;σ(i)1 , σ(i)2 , σ(i)3 , σ(i)4 )) is amenable and
dense in K. To obtain Σ(H)2 , we may take the same construction as one in the
case of an even n with the following modification: replace b4 with
b′4 =
⎛⎜⎜⎜⎜⎜⎝
0 ⋯ ⋯ 0 1
1 0 0
0 1 0 ⋮
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 0 1 0
⎞⎟⎟⎟⎟⎟⎠
in E(n,Fp⟨y, z⟩) and let β(i)4 = µi(β′4), instead of setting β(i)4 = µi(β4). 
5. Remarks
Remark 5.1. In Proposition 2.1, it is rather standard to embed a given H into a
group with property (T) in the following way. Take an infinite hyperbolic group
C˜ with property (T). Then by SQ-universality of C˜ [Ol’95], there exists a group
quotient C of C˜ such that H embeds into C. However, even if C˜ is residually finite,
the procedure C˜ ↠ C may spoil the residual finiteness.
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Remark 5.2. The original construction of residually finite non-exact groups by Os-
ajda [Osa18] made essential use of the work of Wise [Wis11] and Agol [Ago13] on
virtually special groups to obtain residual finiteness; these groups are direct limits
of certain virtually special groups. All virtually special groups are known to have
the Haagerup property, which may be seen as a strong negation of property (T) for
infinite countable groups. It then follows that the originally constructed non-exact
groups above (or their variant in [Mim18b, Remark 3.3]) never have property (T).
Remark 5.3. Let p be a prime and F = (Z/2Z)∗(Z/2Z)∗(Z/2Z)∗F2∗(Z/2pZ) as in
the proof of Theorem 1.2. Let R = Fp[F ]: it is isomorphic to the non-commutative
ring Fp⟨x1, x2, x3, x±4 , x±5 , x6⟩ subject to the relation x21 = x22 = x23 = x2p6 = 1. Let
Γ = E(n,R). We provide a concrete 9-marking of Γ, which was used in the proof of
Theorem 1.2.
If n ∈ N≥3 above is odd, then Γ is generated by ex1,2, x ∈ {x1, x2, x3, x4, x−14 , x5, x−15 , x6},
and by the matrix β = β′4 as in the proof of Theorem 1.5. Indeed, for r ∈ R,
βer1,2β
−1 = er2,3 holds. Observe the following commutator relation: for r1, r2 ∈ R,
(#) [er1i,j, er2j,k] = er1r2i,k for every i ≠ j ≠ k ≠ i.
Here our convention of commutators is [g1, g2] = g−11 g−12 g1g2. It follows from (#)
that [ex41,2, e(x−14 )2,3 ] = e11,3. Then by taking conjugations of e11,3 by powers of β and by(#), we may obtain all elements of the form e1i,j , i ≠ j ∈ [n]. Again by (#), we may
express every matrix of the form eri,j , i ≠ j ∈ [n] and r ∈ R, as some product of the
nine elements above; note also that er1i,je
r2
i,j = e
r1+r2
i,j .
For an even number n ∈ N≥3, we may let β = β4 as in the proof of Theorem 1.5,
instead of setting β = β′4, and obtain a 9-marking of Γ as well.
Remark 5.4. One of the key to the proof of Theorem 1.2 is to extend the frame-
work from residually finite groups to LEF groups. Indeed, we employ Lemma 3.4
to deal with the two difficulties explained in the former part of Section 3. Here,
even if the original convergence of (Gm)m to Γ (with respect to certain markings)
comes from a chain associated with residual finiteness, the convergent sequence(Sym(Gm))m to Sym<ℵ0(Γ)⋊Γ is merely a LEF approximation. More precisely, the
group Sym<ℵ0(Γ)⋊Γ is never residually finite. This is because it contains Alt(Γ), the
increasing union of finite alternating subgroups, which is an infinite simple group.
Remark 5.5. By (∗) and [MS13, Remark 5.10], Λ1 as in the proof of Theorem 1.2
admits the following short exact sequence:
1 Ð→ N Ð→ Λ1 Ð→ N(Z,Fp) ⋊Z Ð→ 1.
Here N above is locally fully normally finite, that means, for every non-empty fi-
nite subset A ⊆ N , the normal closure ⟪A⟫Λ1 in Λ1 is finite; see also [Mim18b,
Definition 3.1 and Remark 5.6]. The group N(Z,Fp) is the increasing union of
(N(2m + 1,Fp) ≃) N([−m,m] ∩Z,Fp) = ⟨eri,j ∶ i, j ∈ [−m,m] ∩Z, i > j, r ∈ Fp⟩
over m ∈ N; here we regard Z and [−m,m]∩Z as sets of indices, and embed naturally
N(2m + 1,Fp) into N(Z,Fp). To construct N(Z,Fp) ⋊Z, we let Z on the right side
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acts on N(Z,Fp) by the translation on the index set Z. Note that each N(2m+1,Fp)
is a p-group. In particular, Λ1 above admits a surjection onto Z with locally finite
kernel; it has asymptotic dimension (see [NY12, Chapter 2]) 1.
In the construction of Λ1 as in the proof of Theorem 1.2, we may replace p with
a sequence (pm)m indexed by m ∈ N to ensure that pm ∤ #(H˜/N˜m). In that case,
the pm-modular standard representation of Sym(H˜/N˜m) is irreducible and we do
not need to take a quotient vector space. However, the resulting Λ1 in this case
is obtained by replacement of N(Z,Fp) with N(Z,Z); this new Λ1 contains an
isometric copy of Zl for every l ∈ N. It is a quite “huge” group, compared with the
original Λ1 constructed in the proof of Theorem 1.2.
Similarly, if n is even in Theorem 1.5, then Σ1 as in the proof of Theorem 1.5
admits the short exact sequence same as one in above in the present remark.
Remark 5.6. By [Mim15], if we take n from N≥4, then the group Λ2 as in the proof
of Theorem 1.2, in fact, enjoys the fixed point property (FBLq ) with respect to Lq-
spaces for all q ∈ (1,∞). See also [Opp17, Subsection 5.2.2 and Remark 5.7] for other
fixed point properties for Λ2 above when the prime p in the proof of Theorem 1.2 is
sufficiently large.
Remark 5.7. If we are allowed to “enlarge” the amenable group Λ1 as in the proof
of Theorem 1.2, in the sense of Remark 5.5, then we have the following result.
Theorem 5.8. Given a countable residually finite group H, there exist a compact
group K˜ = K˜(H) and w˜1, w˜2, u˜ ∈ K˜ such that the following hold true: for Λ˜1 = ⟨w˜1, u˜⟩
and Λ˜2 = ⟨w˜2, u˜⟩,
● Λ˜1 and Λ˜2 are both dense in K˜;● Λ˜1 is amenable (with finite asymptotic dimension);● Λ˜2 has property (T); and● Λ˜2 contains an isomorphic copy of H.
The construction uses wreath products (with finitely many coordinates): for a
(possibly topological) group L and for a finite group A, set
L ≀A = (⊕
A
L) ⋊A,
which is endowed with the natural topology induced by that on LA ×A. Here the
A-action in the right hand side of the equality above is given by permutation of
coordinates by right multiplication. An element in ⊕AL is naturally identified with
a map f ∶A→ L; we write the constant map taking the value in {eL} as e.
Proof. Fix an odd prime p. Fix odd n ∈ N≥5∖pZ. Take the construction of (GUmm )m∈N,(t′1(m), t′2(m)), (E(n,Fp[F ]); t1, . . . , t9), ψm∶E(n,Fp[F ]) ↠ GUmm , Λ1, Λ2 and K =
K(H) as in the proof of Theorem 1.2.
We claim that for each m ∈ N, for every j ∈ [9], tj ∈ E(n,Fp[F ]) may be written as
a single commutator. Indeed, by (#), for every r ∈ R, it holds that er1,2 = [er1,3, e13,2];
for the permutation matrix β, make use of the fact that every element in Alt(n) is
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a single commutator ([Ore51]). Hence, for each j ∈ [9], we have cj, dj ∈ E(n,Fp[F ])
such that [cj, dj] = tj .
For every m ∈ N, set w(m)1 ,w
(m)
2 , u
(m) ∈ GUmm ≀ (Z/220Z) as
w
(m)
1 = (f (m)1 ,0), w(m)2 = (f (m)2 ,0) and u = (e,1).
Here f
(m)
1 , f
(m)
2 ∈⊕Z/220ZGUmm are, respectively, defined by for every l ∈ Z/220Z,
f
(m)
1 (l) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
t′1
(m), l = 0,
t′2
(m), l = 1,
e
G
Um
m
, otherwise
and f
(m)
2 (l) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
ψm(cj), l = 2j, j ∈ [9],
ψm(dj), l = 2j+9, j ∈ [9],
e
G
Um
m
, otherwise
.
We claim that (w(m)2 , u(m)) is a 2-marking of GUmm ≀(Z/220Z). Indeed, by commutator
calculus, it follows that for every j ∈ [9],
[u2jw(m)2 u−2j , u2j+9w(m)2 u−2j+9] = (g(m)j ,0),
where for l ∈ Z/220Z,
g
(m)
j (l) = { [ψm(cj), ψm(dj)] (= ψm(tj)), l = 0,e
G
Um
m
, otherwise.
This is a Hall-type argument [Hal61, 1.5]; see [Mim18b, the proof of Lemma 4.8] for
more details.
It is easier to see that (w(m)1 , u(m)) is a 2-marking of GUmm ≀ (Z/220Z). Indeed, the
order of t′1
(m) is p and that of t′2
(m) is n(#Lm − 2). Recall that p ∣ #Lm, p ≠ 2
and that n /∈ pN. It then follows that these two numbers, p and n(#Lm − 2), are
coprime. Hence we may extract, respectively, t′1
(m) and t′2
(m) from f
(m)
1 by taking,
respectively, appropriate powers of w
(m)
1 .
Finally, set K˜ = K˜(H) by
K˜ =K ≀ (Z/220Z) ⎛⎝= (∏m∈N( ⊕Z/220ZG
Um
m )) ⋊ (Z/220Z)⎞⎠ .
Here we have the identification of the second equality above by letting Z/220Z act
on ∏m∈N(⊕Z/220ZGUmm ) coordinatewise for each m ∈ N. Let
w˜1 = ((f (0)1 , f (1)1 , . . . , f (m)1 , . . .),0),
w˜2 = ((f (0)2 , f (1)2 , . . . , f (m)2 , . . .),0),
and u˜ = (e,1)
be elements in K˜ (via the identification above for w˜1 and w˜2). Then, in a similar
way to one in the proof of Theorem 1.2, it may be proved that these K˜, w˜1, w˜2
and u˜ fulfill all of the four assertions as in Theorem 5.8. More precisely, to prove
the third assertion (property (T) for Λ˜2), observe that Λ˜2 is a group quotient of
E(n,Fp[F ]) ≀ (Z/220Z). Since property (T) is closed under taking extensions, the
wreath product above has property (T); recall that finite groups have property (T).
To see that Λ˜1 has finite asymptotic dimension, observe that Λ˜1 is a subgroup of
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Λ1 ≀(Z/220Z), where Λ1 is as in the proof of Theorem 1.2; recall Remark 5.5. (Hence,
in our construction Λ˜1 is elementary amenable, as well as the group Λ1 above.) 
The following strengthening of Theorem 1.5 may be derived from a similar argu-
ment to one in the proof of Theorem 5.8. We leave the proof of it to the reader.
More precisely, to apply a Hall-type argument to Σ˜1, note that for every m ∈ N, lm
is coprime to p. Here p is a fixed odd prime and (lm)m∈N, associated with p and a
countable residually finite group H , is as in the proof of Theorem 1.2.
Theorem 5.9 (Variety of 2-generated dense subgroups of a common compact
group). Let p be an odd prime. Let n ∈ N≥6 be an even number such that p ∤ n.
Then, there exist a compact group
K˜(= K˜n,p) = ( ∏
i∈N≥1∖pZ
SL(ni,Fp)) ≀ (Z/230Z)
and ω˜1, υ˜ ∈ K˜ such that the following hold ture:
(1) The group Σ˜1 = ⟨ω˜1, υ˜⟩ is dense in K˜. It is amenable and it has finite asymptotic
dimension.(2) For every countable and residually finite group H, there exists ω˜2 = ω˜(H)2 such
that the group Σ˜2 = Σ˜
(H)
2 = ⟨ω˜(H)2 , υ˜⟩ fulfills the following. The group Σ˜(H)2 is
dense in K˜, it has property (T) and it contains an isomorphic copy of H.
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